ABSTRACT. By studying the group of self homotopy equivalences of the localization (at a prime p and/or zero) of some aspherical complexes, we show that, contrary to the case when the considered space is a nilpotent complex, E m # (Xp) is in general different from E m # (X)p. That is the case even when X = K(G, 1) is a finite complex and/or G satisfies extra finiteness or nilpotency conditions, for instance, when G is finite or virtually nilpotent.
INTRODUCTION
Given a pointed topological space, denote by E(X), as usual, the group of homotopy classes of pointed self-homotopy equivalences of X with the group structure given by composition. At the present, there is no standard procedure to the computation of E(X) and, even for very "simple" classes of spaces, this group is still unknown. Ideas and techniques arising from completion and localization theory have been applied in different contexts to approximate E(X) and some particularly interesting subgroups.
We shall mainly be concern in one of them, namely the subgroup E m # (X) of E(X) formed by those classes inducing the identity on the homotopy groups up to m, i.e., E m # (X) = ker( E(X) → Π m i=1 aut π i (X) ). Whenever X is either a finite complex, or a space with a finite number of non trivial homotopy groups, and m is greater than or equal to the "homotopical" or "homological" dimension (we denote it dim X henceforth), this group is known to be nilpotent [6, 10] as it acts trivially on the homotopy groups up to dim X. Therefore, it can be localized in the classical sense on any set (possibly empty) of primes P [13] . What is then the relation between E m # (X) P and E m # (X P )? A complete answer is given whenever the space is nilpotent [15, 17] . In fact, for such spaces, the morphism E m # (X) → E m # (X P ), induced by localization, is the localization morphism and thus
A natural question arises: can this theorem be extended to a larger class of spaces? the first step in all the available proofs is proving the result for aspherical complexes. Therefore, we proceed by analyzing the group E m # (X p ) as X runs through different classes of aspherical spaces, i.e., Eilenberg MacLane spaces of the type K(G, 1). It is worth to mention that, out of the class of nilpotent spaces, p-localization functors do not, in general, preserve asphericity, even for virtually nilpotent K(G, 1)'s, i.e., when G contains a nilpotent normal subgroup of finite index [2, 9] . Moreover, for many of these aspherical complexes, K(G, 1) p has an infinite number of non trivial homotopy groups.
Consider such a space and observe that for any m ≥ 1, E m # K(G, 1) = {1}. Hence, realizing a non trivial group as E m # K(G, 1) p exhibits a counterexample of the classical results above for nilpotent spaces. In this note, we shall do that for aspherical complexes with any extra nilpotency or finiteness assumptions other than nilpotent of course (finite aspherical complexes and K(G, 1)'s with G finite or virtually nilpotent), any prime p and/or zero, and any m.
It is known that there are different choices of p-localization which extend the classical one for nilpotent spaces. Except in theorem 2.1 below, in which we explicitly indicate that Bousfield homology localization [4] is being used, we shall be working with the standard p-localization with respect to self maps of S 1 [5] . In other words, a connected space X is p-local if π 1 (X) is a p-local group and each
The last part of this note heavily rely on basic facts from rational homotopy theory for which we refer to the standard reference [11] 
We shall start by showing that, given a finite nilpotent space X, using Bousfield homology localization [4] and without any extra assumption on the group G, we can easily realize the classical p-localization of the nilpotent group E 
Proof. By the Kan-Thurston theorem [14] applied to the complex X, we find a group G and a map f : K(G, 1) → X such that, for any coefficient system A, the map
is an isomorphism. In particular, this occurs when A = Z p , Q, and therefore, the Bousfield homology p-localization (p a prime number or zero) of K(G, 1) coincides with that of X,
However, the Bousfield localization is an extension of the classical localization for nilpotent spaces. Therefore, the theorem of Maruyama stated above [15, 17] 
Proof. Indeed, by [1, Remark 4.7 (4)], any finite abelian group without 2-torsion H is isomorphic to E m # (X) in which X is a co-Moore space of dimension m > 2 and of type (Z⊕ H, m− 1). To finish apply theorem above to X taking into account that H p = H. This is our first class of spaces of the form K(G, 1) for which E m # (K(G, 1) p ) is not the trivial group for some p and some m ≥ 1. However, the group G obtained from KanThurston theorem is far from satisfying finiteness or nilpotency restrictions. In the next class of examples we impose this kind of restricted behavior. We begin by the following observation: Lemma 2.3. Let G be a perfect, virtually nilpotent group. Then for any prime p , 1) p ) . Proof. Recall [3] that a group G is called generically trivial if, for any prime p, G p = {1}. It has been proved, first for finite groups [3] and then for virtually nilpotent groups [9] , that generically trivial groups coincide with perfect groups. Hence, taking into account that π 1 (K(G, 1) (K(G, 1) p ) . Moreover, if H is a finite group, then G can also be chosen finite.
Proof. Consider the "regular" representation of H as a subgroup of the group Σ(H) of bijections of H. Choose any group F for which the space K(F, 1) p is non contractible and simply connected (i.e. F p = {1}). For instance, any group as in lemma above satisfies this for all p. In [2, 9] , the reader may find many examples of these groups which satisfy additional finiteness or nilpotency properties. Under these assumptions consider the free product G = * h∈H F and observe that BG = K(G, 1) = ∨ h∈H K(F, 1) = ∨ h∈H BF . Hence K(G, 1) p = ∨ h∈H K(F, 1) p and therefore, via Van Kampen theorem, this space is also 1-connected and non contractible as, for instance, it has non trivial mod p homology. Next, consider the composition
where ϕ is the injective morphism defined by ϕ(α)(x h ) h∈H = (x α(h) ) h∈H and ψ is the map E(X) → E(X p ) induced by localization. We now show that γ is an injective morphism: indeed, for each h ∈ H consider the canonical inclusion i h : F → G and "projection" q h : G → F so that q h • i h = 1 F and q h • i h ′ is the trivial map for h = h ′ . Now, assume there is a bijection α ∈ Σ(H), α = 1 H , such that γ(α) = 1 K(G,1)p . Hence, there exists h ∈ H for which α(h) = h ′ = h. For this element we have:
However, K(F, 1) p is non contractible and therefore γ is an injective morphism. To finish, consider the restriction of γ to H,
On the other hand, note that the group G is not finite even when H is. Hence, whenever this is the case, to prove the second part of the theorem, we follow the same argument choosing the finite group G = h∈H F . Again, K(G, 1) p = h∈H K(F, 1) p is also 1-connected and non contractible. As before, consider the restriction to H of the injective morphism
The aspherical spaces studied up to this point are not, in general, finite complexes. To cover this case, we now present a K(G, 1) which is a virtually nilpotent (i.e, G is virtually nilpotent) finite complex whose rationalization has non trivial self homotopy equivalences which fix the homotopy groups up to any dimension. Recall that, from the homotopical point of view, an infranilmanifold is a manifold of the homotopy type of an aspherical complex K(G, 1) in which G is a torsion free, finitely generated, virtually nilpotent group containing no non trivial finite normal subgroups [8, 7] . In fact, many of such spaces are flat Riemannian manifolds.
Theorem 2.5. There exist a compact infranilmanifold of the form
Proof. Let K(F, 1) be the non orientable 4−manifold [7, 2] in which F is the virtually nilpotent group generated by {x 1 , x 2 , x 3 , x 4 , α, β} with relations:
•
It is indeed an infranilmanifold of dimension 4 whose rationalization turns out to be [2,
is a nilpotent space so that, in view of [15] ,
Moreover, this group coincides with the group E m # (ΛV, d) defined as follows:
In other words, ΛV is the commutative free algebra generated by the graded vector space V ∼ = π * ((S 2 ∨ S 3 ∨ S 3 ) × S 1 ) ⊗ Q, and d is a certain differential satisfying dV ⊂ Λ ≥2 V , i.e., for each generator v ∈ V , dv is a polynomial in ΛV with no linear terms. , where x is a single element of degree 1, is the minimal model of S 1 . On the other hand, it is well known [11] that the space (S 2 ∨ S 3 ∨ S 3 ) is both formal and coformal, that is to say, its rational homotopy type depends only on either, its rational cohomology algebra, or its rational homotopy Lie algebra. To fix notation let H = H * (S 2 ∨ S 3 ∨ S 3 ; Q) be the commutative algebra generated by an element a 2 of degree 2 and two elements b 3 , c 3 of degree 3, with trivial multiplication. Then, the model (ΛW, d) of (S 2 ∨S 3 ∨S 3 ) is classically constructed as follows [11] : the vector space W = W * * is built inductively bigraded and this bigrading is inherited by ΛW , according to the usual rule, so that it satisfies:
represented by a decomposable cycle vanishes.
Our theorem will then be established once we prove the following:
We shall define an automorphism ϕ of (ΛV, d) = (ΛW, d) ⊗ (Λx, 0), inductively on W m , satisfying:
• ϕ(a 2 ) = a 2 , ϕ(b 3 ) = b 3 , ϕ(c 3 ) = c 3 + xa 2 , ϕ(x) = x, • For each w generator of W m , m ≥ 0, ϕ(w) = w + w ′ x, w ′ ∈ W .
Obviously ϕ |W 0 satisfy our hypothesis. Assume it has been extended to ΛW ≤m−1 ⊗ Λx and let w ∈ W m . Then, dw ∈ (Λ 2 W ≤m−1 ) m−1 , i.e., dw = 
